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Fig. 3. Measured input reflection coefficient v1=|T1].
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Fig. 4. Basic components of three-port reflectometer.

If this is accomplished, the error in f3 should
be 5 per cent or less for values of v of 0.85
or less.

The simplicity of (7) and the subsequent
error analysis are based on the assumption
that the ratio v,/v1 can easily be measured
as R dB. This measurement can be per-
formed accurately with a three-port reflec-
tometer [12], [13], shown in block form in
Fig. 4. Tuners 4 and B are adjusted so thata
match is seen looking into the termination
plane and the directional coupler has nearly
infinite directivity. Under these conditions,
the signal incident on any load connected to
the termination plane is constant. When two
loads of different v are successively con-
nected to the termination plane, the at-
tenuator setting must be changed by R dB
to keep the detector signal constant; the
ratio of the two v is determined from (6).

The quality parameter f; is then meas-
ured at frequency f by adjusting a well-
made transformer ahead of a diode mount
so that vz =0, obtaining a detector reference
signal for the conditions of v, and recording
the differential attenuator reading R neces-
sary to maintain this signal when the diode-
mount-plus-transformer combination is re-
placed by a known load.
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The Characteristic Impedance and
Velocity Ratio of Dielectric-
Supported Strip Line

In its most practical form, strip line is
made with a center conductor which con-
sists of two thin strips of copper of the
desired width on each of the two faces of a
printed circuit board. Without exception
known to the authors, all published theoret-
ical results for the characteristic impedances
of such lines involve the neglect of the di-
electric board, ie., the configuration an-
alyzed is that having a center conductor of
two thin unsupported strips [1].! The only
data published to date in which the effe.t of
the supporting card is included have been
experimental [2].

In an earlier communication [3] one of
the authors outlined an IBM 7090 computer
program which was then being developed for
the numerical analysis of TEM mode trans-
mission lines by a finite difference approach.
This program, now much enlarged and con-
siderably accelerated, has beea applied to
the solution of this problem.

THEORY

The strip-line configuration that was
analyzed is shown in Fig. 1. The supporting
card used is rexolite 2200, which has a pub-
lished dielectric constant of 2.65. The object
is to determine the strip width required to
give a characteristic impedance of 50 ohms
and the corresponding velocity ratio. The
assumption is made that the system is loss-
less.

The relevant theory is as follows. For a
selected strip width, let the capacity per
unit length be computed assuming the di-
electric to be absent; this is denoted by C.
Now let the card be introduced and the
capacity C per unit length recomputed.
Since the inductance per unit length is
clearly not changed by the presence of the
dielectric, it follows that

Zy = 1/03/CCy M

/10 = /Co/C @

where v is the phase velocity in the line, and
v, is the phase velocity of light in free space.

For this work, strip widths increasing in
1/32-inch steps from 7/32 to 11/32 inch
were used; the computed characteristic
impedances and velocity ratios are shown in
Fig. 2. From these it is concluded that a
strip width of 0.279 inch must be used to
obtain a 50-ohm line, and that the cor-
responding velocity ratio is 0.9367. From the
general closeness of the velocity ratio to
unity, it is seen—as would be expected—
that the dielectric has a small, though sig-
nificant, effect.

To test the effect of changing the dielec-
tric material, the calculations for the 9/32-
inch strip width were repeated with a dielec-
tric constant of 2.72 (about a 3 per cent in-
crease). The results, as summarized in

Manuscript received October 9, 1964.

1 Since submitting this material the authors’ at-
tention has been called to the following paper. Foster,
K. The characteristic impedance and phase velocity
(’;flshi%l:;Q triplate line, J. Brit. IRE, Dec 1958, pp
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Fig. 1. Basic shielded strip-line configuration.

59 a4
solt LIITTTTTTT AT,
|CHARACTERISTIC IMPEDANCE /’ N
2 57 e 42
6 56 // 41
55 940
z 4
54 A 939
l§ 53 \\ 38
%52 VELOCITY RATIO | 0
i E
q > 936
: . N JO
g 4as 4 \~ 34 i
g a8 7 N 933 g
W o4q ’ AN 032 Y
2 46 93 1 g
Jig
4 45 30
I
U 44 / 2929
a3 928

22 .24 26 28 30 32 34
STRIPWIDTH IN INCHES

Fig. 2. Computed characteristic impedance
and velocity ratio for strip-line section.

TABLE 1

ErFECT OF VARYING DIELECTRIC CONSTANT

Dielectric Characteristic Velocity
constant impedance ratio
2.65 49.74 0.9372
2.72 49.63 0.9350
Percentage
variation 0.22 0.24

Table 1, show that the variation is not
great.

Accuracy

The question of the accuracy of these re-
sults is obviously important. As stated in
the earlier note [3], this method can be
expected to give capacity values which are
too high—how much too high can be esti-
mated by comparing the answers for two
thin unsupported strips obtained from the
finite difference solution with those obtained
from Cohn’s conformal transformation
solution [1]. This solution itself involves an
approximation (designed to remove one
vertex from the path of integration, thereby
reducing the problem to one involving
elliptic integrals of the first kind only), but
this is thought to be within about 0.1 per
cent for the conductor configuration con-
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sidered here. For a strip of width 9/32 inch
Cohn’s formula gives a capacity per meter
of 62.46 pF. This is to be compared with a
result of 62.84 pF/m from the finite differ-
ence solution; an error of about 0.6 per cent
is evident.

The use of Cohn's formula as a check
also involves the neglect of the effect of the
end walls. His expression assumes that the
top and bottom walls of the enclosure are of
infinite extent. However, the width of the
physical enclosure is sufficient in proportion
both to the width of the center strip and its
spacing from the top and bottom walls that
the effect of the end walls should be small
[4]. What perturbation they introduce will
be to increase the capacity above the Cohn
value and, thereby, exaggerate the apparent
error; i.e., 0.6 per cent is a pessimistic esti-
mate.

1t would be expected that the error would
not be significantly altered when the card is
present so that this is the order of the error
to be expected in the computed character-
istic impedances. The error in the velocity
ratio should be much smaller since this in-
volves the quotient of two nearly equal
quantities having approximately the same
error.

Examination of Fig. 2 reveals that in the
vicinity of 50 ohms the impedance vs width
graph has a gradient of about 1 ohm per
0.009 inch, which is closely the amount by
which the impedance of a parallel plate line
would have changed for the same change in
conductor width. This results from the fact
that the strip width is sufficiently great that
when altered over the range considered in
this work the net effect is closely equivalent
to removing a section of parallel plate line,
i.e., the fringing fields at each end are sub-
stantially unchanged.

EXPERIMENTAL VERIFICATION

An experimental determination of the
characteristic impedance of rexolite-sup-
ported strip line (¢/6=0.2) must be influ-
enced by the coaxial-to-strip-line transition
used. An earlier communication [5] de-
scribed a broadband coaxial-to-strip-line
transition, and a strip width of 0.270 inch
gave the optimum match to a 50-ohm co-
axial slotted line.

It may be shown that the strip-line
impedance must be slightly greater than 50
ohms in order to give a good match when
seen through the low-pass network rep-
resenting the compensated butt transition,
This means that the actual strip width for
50-ohm  rexolite-supported  strip line
(¢/b=0.2) is slightly greater than 0.270 inch
(which agrees with the foregoing theoretical
evaluation).

The phase constant of rexolite-supported
strip line may be determined by the method
illustrated in Fig. 3. Successive known
lengths, d, of strip line are removed without
disturbing the coaxial-to-strip-line transi-
tion. The variation, %, in the position of a
minimum in the coaxial slotted line may be
used to calculate the ratio of the strip-line
wavelength, A, to the coaxial line wavelength
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Fig. 3. Determination of the phase constant
of rexolite supported strip line.

If d is approximately equal to A, then it
may be shown that

As v d

Mo Vg - )\0 +_.’;

Fifteen determinations of X¢/Ay were
carried out at each of three frequencies
chosen such that x was negative, approxi-
mately zero, and positive. The average of
45 determinations was taken as the experi-
mental value, viz.,

v/ve = 0.933 £ 0.003

CONCLUSIONS

Good agreement has been found between
computed and experimentally determined
values for the characteristic impedance and
phase velocity of rexolite-supported strip
line. In the case of the phase velocity de-
termination, the computed result is just
above the upper limit of the experimental
determination. This may be due, in part, to
errors in the assumed dielectric constant
(see Table I) and in neglecting the strip
thickness.

The importance of knowing accurate
values for the characteristic impedance and
phase velocity of dielectric-supported strip
line is demonstrated in the design [6] of
capacitive gap band-pass filters. Deviations
from the design (based on A) center fre-
quency in experimental filters have been
noticed, and these are commensurate with
the phase velocity determination already
discussed.
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Radiation from Rectangular Wave-
guide with Ferrite Slabs

The problem of radiation from a rec-
tangular waveguide completely filled with
transversely magnetized ferrite has been dis-
cussed by Tyras and Held [1]. The funda-
mental TE mode in a rectangular waveguide
containing two transversely magnetized
symmetrical slabs placed against the side
walls has been discussed by Lax and Button
[2]-14], and numerous references to this
subject have been made by several other
authors [5]-[7]. In the present communica-
tion we consider the radiation from the open
end of a rectangular waveguide with twc
ferrite slabs of different thickness placed
against the side walls, magnetized by twoc
different static transverse magnetic fields,
as shown in Fig. 1. Assuming harmonic time
variation /@, the electric fields for the
fundamental TE mode are given by

E,

[}

A sin by (-g— -+ x) ¢ir2 Regionl

Ey

Bsin k, (% — x) ¢#7# Region IT
. @
E, = [Csmka (~2— -+ x)

+ D cos ks (—;; —I—x)]

ceirE Region III (1)
where v is the propagation constant and
k1?2 = ofejuer — 2 Region I
Region IT
Region IIT  (2)

kot = wlepter — v?

ks? = wiequo — 72 = k2 — ?
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where

wmi— K2 ps? — Ko?
Mel = 3 Meg = ——

1 1123

By matching E, and H, at the appro-
priate boundaries, one obtains

a =284 38
1 Nisin kad2 — Ngsin k16
- .1 2'2 2 161 @)
ks sin k161 sin kede + N1V
where
K k
Ny = ] I: 1Y sin 18y + — cos k151:|
ks Luaper Mel
K k
Ny = La 24 sin kodp — 2 cos kz32:|
ks Luapen He2

By substituting (2) into (3) one obtains a
transcendental equation for the propaga-
tion constant y. For the particular cases of
identical slabs (8,=8:; k1=~k:) and a single
slab against the side wall (8:=0), (3) be-
comes similar to the results obtained orig-
inally by Lax and Button [2].

The magnetic field component H, can
readily be obtained [6] from (1) to give

4 Kb
H, = — ['ysinkx(%—}—x)-}— 1

Witel M1

+cos k1 (% + x)]

I

Region T’

B ) a Kk
H, = — I:'ysmkz(——x)—
Wlhes 2 p2
a .
-cos kg (E - x)] Region IT
Y . a
H, = ——[Csxnks(—-{—x)—l—D
Wi 2

-cos & (% T x)] Region TIT  (4)
where the common factor e/@t¥2 is under-
stood.

From these relationships, derived by
matching E, and H, at the boundaries, one
may also obtain

4
B = [sin 18, cos ks(a — & — 82)
sin keds

+ N1 sin ka(d -8 — 62)]
C= A[sin k161 sin k3d1 -+ Ny cos k351]
D= A[sin k151 cos k351 - N1 sin k351] (5)
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In order to calculate the far-zone radia-
tion fields, it is assumed [1] that the field
distribution at the open end of the wave-
guide is the same as if the waveguide were
infinite in extent. The far-zone radiation
fields will be evaluated from the relation-
ships given by Silver [8]. In the H plane
(¢=0) one has

Jk
Ey = ZE _]kafA(Ey cos @ — yHy)

- ¢fte sing duy ©

and in the E plane (¢ =#/2) one has

Jk .
By =L i f f (B = o, cos0)

- giky sing dody O]
where

k= wvue and 7 =+uo/e

The calculation is carried out for each
region separately, the final result being the
superposition of the three radiation fields.
Substituting (1) and (4) into (6), one ob-
tains for the H plane (¢=0) Ey=0,, and E,
for region I is

_jAbk
*~ "4x Rl — k?sin®0)

gTk(R-al2 sin §)

~[k1 COS@—I— Al sin0+A2
4 iy s (43sin6 cosf -+ Agcosd

+ Assing 4+ 4g)] ®
where
kK k
A1=—-]k7]11, A2=:_1‘I_1_’Y‘
W11 Wil

A = jksin kid1; Ay = — k1 cos byt

ik kK
Ay =22 (o sin kidy + 252 cos klal)
Wikel M1
k K
Ag = — a0 (— kit sin k61 + v cos k;&;)
Witel M1

A similar result is obtained for region II,
where one should use (8}, taking B, ks,
Kz, M2 instead of A, k1, KL, Mely and ("—52)
instead of &. The results for region III may
be found in Chien [9].

Substituting (1) and (4) into (7), one ob-
tains for the E plane (¢=7/2)E4=0, and
Ey for region I is

A sin (£bk sin 6)

By = e
2wk R

-e B[ Dy cos § + D,} ()

sin @

where

K
Dy = ——| y(1 ~ cos kiby) + —— sin k\31:|
Wpkel K1

Dy =1 — cos k1d;

A similar result is obtained for region II
by use of the transformation already de-



